We prove the Hijazi inequality, an estimate for Dirac eigenvalues, for complete manifolds of finite volume. Under some additional assumptions on the dimension and the scalar curvature, this inequality is also valid for elements of the essential spectrum. This allows to prove the conformal version of the Hijazi inequality on conformally parabolic manifolds if the spin analog to the Yamabe invariant is positive.
Introduction
On a closed n-dimensional Riemannian spin manifold (M, g, σ) with scalar curvature s g , Friedrich [6, Thm. A] gave an estimate for an eigenvalue λ of the classical Dirac operator D g :
This inequality was improved by Hijazi [9] for dimension n ≥ 3 
where µ(g 0 ) is the infimum of the spectrum of L g0 .
We note, that the λ + min -invariant can also be defined as a variational problem similar to the Yamabe invariant [2] .
Since both the Yamabe and the λ + min -invariant can also be considered on open manifolds, cf. [10] , [8] , it is interesting to know whether the conformal Hijazi inequality also holds on these manifolds. In this paper, we examine this question for conformally parabolic manifolds, i.e. those that admit a complete metric of finite volume in their conformal class.
At first, we obtain an Hijazi equality for Riemannian manifolds equipped with a complete metric of finite volume. Theorem 1.1. Let (M, g, σ) be a complete Riemannian spin manifold of finite volume and dimension n > 2. Moreover, let λ be an eigenvalue of its Dirac operator D g , and let µ be the infimum of the spectrum of the conformal Laplacian. Then the following inequality holds:
If equality is attained, the manifold admits a real Killing spinor and has to be Einstein and closed.
On complete manifolds, the Dirac operator is essentially self-adjoint and, in general, its spectrum consists of eigenvalues and the essential spectrum. For elements of the essential spectrum, we also obtain an Hijazi-type inequality:
be a complete Riemannian spin manifold of dimension n ≥ 5 with finite volume. Furthermore, let the scalar curvature of (M, g) be bounded from below. If λ is in the essential spectrum of the Dirac operator
These two Hijazi inequalities allow to prove the conformal version: 
A manifold that does not fulfill the assumption (i) possesses a vanishing λ We give a brief outline of the paper: In Sect. 2, we review some notations for the identification of spinor bundles of conformally equivalent metrics. Furthermore, we give a refined Kato inequality that will be used in the proof of Theorem 1.2. In Sect. 3, we give some properties of λ 
Preliminaries
In this section, we first review the identification of spinor bundles of conformally equivalent metrics to fix notations. Then we give the refined Kato inequality that we use to prove Theorem 1.2.
Spinor bundles of conformally related metrics
Having fixed a spin structure σ on (M, g) with corresponding spinor bundle S g , there always exists a corresponding spinor bundle S g on (M, g) and a vector bundle isomorphism
that is fibrewise an isometry [9, Sect. 4.1], i.e. < ψ, ψ > g =< ψ, ψ > g . In the following, we write for both spinor bundles just S. 
Refined Kato inequalities
The Kato inequality states that for any section φ of a Riemannian or Hermitian vector bundle E endowed with a metric connection ∇ on a Riemannian manifold (M, g) we have
i.e. |d|φ|| ≤ |∇φ| away from the zero set of φ. For this estimate it is used that < ∇ X φ, φ >∈ R for all X ∈ T M . In [5] , refined Kato inequalities were obtained for sections in the kernel of firstorder elliptic differential operators. They are of the form
where k P is a constant depending on the operator P .
We sketch the set-up used in [5] : Let E be an irreducible natural vector bundle E over an n-dimensional Riemannian (spin) manifold (M, g) with scalar product < ., . > and a metric connection ∇. Irreducible natural means that the vector bundle is obtained either from the orthonormal frame bundle of M or from the spinor frame bundle with an irreducible representation of SO(n) or Spin(n) on a vector space V . We will denote this representation by λ. Further, let τ be the standard representation of SO(n) or Spin(n) on R n . Then the real tensor product τ ⊗ λ splits into irreducible components as
This induces a decomposition of T * M ⊗ E into irreducible subbundles F j associated to µ j . Further, let Π j denote the projection onto the jth summand of R n ⊗ V and T * M ⊗ E, respectively.
Let P be a first-order linear differential operator of the form P = i∈I Π i • ∇ where I ⊆ {1, . . . , N }. Moreover, we denote Π I := i∈I Π i andÎ := {1, . . . , N } \ I.
Following the ansatz for the refined Kato inequalities we obtain the estimate: Lemma 2.1. Let P be an operator as defined above. Then we have away from the zero set of φ |d|φ|| ≤ |P φ| + k P |∇φ|
The proof is done analogously to the one of [5] without the assumption that φ ∈ ker P . That's why the additional summand |P φ| appears and why the constant k P remains the same.
The invariant on conformally parabolic manifolds
Firstly, we give a characterization of conformally parabolic manifolds and consider the example of the Euclidean space.
In the rest of this section, we provide some properties of λ 
2 ) is conformally parabolic, since the conformal metric g = 1 t 2 g is complete and of finite volume. Furthermore, for the new metric and for dimension n > 2 the scalar curvature is calculated as (where
and n = m + 1)
Next we give some properties of λ
) is complete and λ > 0 is an eigenvalue of D or an element of its essential spectrum, then λ 
which proves the claim. iii) Since the essential spectrum is a property of the manifold at infinity, see Proof. Since (M, g) is complete, D is essentially self-adjoint and has no residual spectrum, cf. [7, Chapt. 4] . By the spectral theorem for unbounded self-adjoint operators, we obtain that for every φ ∈ C ∞ c (M, S) with (Dφ, φ) > 0
Note that (Dφ, φ) > 0 and, thus, the denominator σ(D)∩(0,∞) λ d < E λ φ, φ > is always positive. Hence, we have λ 
where "near infinity" refers to the existence of a compact subset
Proof. Assume that g = g 1 is already complete and of unit volume. Let g i = f 2 i g be a sequence of conformal metrics of unit volume with λ
Now, we choose the conformal factor h i such that h i is equal to f i on the support of φ i , h i = 1 near infinity and M h
Proof of Hijazi inequalities
Firstly, we follow the main idea of the proof of the original Hijazi inequality, but we fix the used conformal factor with the help of an eigenspinor. This results in a conformal metric on the manifold without the zero-set of the eigenspinor and we have to use cut-off functions near this zero-set and near infinity to obtain compactly supported test functions.
be an eigenspinor satisfying Dψ = λψ and ψ = 1. Its zero-set Ω is closed and contained in a closed countable union of smooth (n − 2)-dimensional submanifolds which has locally finite (n − 2)-dimensional Hausdorff measure [3, p. 189].
We fix a point p ∈ M . Since M is complete, there exists a cut-off function η i : M → [0, 1] which is zero on M \ B 2i (p) and one on B i (p). In between the function is chosen such that |∇η i | ≤ 4 i and η i ∈ C ∞ c (M ). While η i cuts off ψ at infinity, we define another cut-off near the zeros of ψ. For this purpose, we can assume without loss of generality that Ω is itself the countable union of (n − 2)-submanifolds described above.
Let now ρ a,ǫ be defined as With Dψ = λψ and < ∇f · ψ, ψ >∈ iR, we obtain
Inserting this result, D φ = λe −u φ and ∇ λe −u φ ia 2 g ≥ 0 into the formula from above we further have
Moreover, we have
Thus, with e u = |ψ| 2 n−1 the above inequality reads
Hence, we obtain
where µ is the infimum of the spectrum of the conformal Laplacian. With
where k = 2 2n−3 n−2 .
Next, we want a tend to zero: Recall that Ω ∩ B 2i (p) is bounded, closed, (n − 2)-C ∞ -rectifiable and has still locally finite (n − 2)-dimensional Hausdorff measure. For fixed i we estimate Then we can calculate
where vol n−2 denotes the (n − 2)-dimensional volume and
. The positive constants c and c ′ arise from vol n−2 (Ω ∩ B 2i (p)) and the comparison of dvol g2 with the volume element of the Euclidean metric.
Furthermore, by the monotone convergence theorem, we obtain
as a → 0 and, thus,
Next we want to establish the limit for i → ∞: Since M has finite volume and ψ = 1, the Hölder inequality ensures that 
Equality is attained if and only if
∇ λe −u φ ia 2 g → 0 for i → ∞ and a → 0. We have 0 ← ∇ λe −u φ ia g = η i ρ a,ǫ ∇ λe −u φ + ∇(η i ρ a,ǫ )φ g ≥ η i ρ a,ǫ ∇ λe −u φ g − ∇(η i ρ a,ǫ )φ g . With ∇(η i ρ a,ǫ )φ g → 0, see above, ∇
Now let
Firstly, we will show that the sequence d|φ i | β is bounded: By the Hölder inequality we have
Using the Lichnerowicz formula [9, (5.4)], we obtain
With the Hölder inequality (recall that β ≤ 1) and the Kato inequality for the connection ∇ λ , see (2), we have
Since s is bounded from below, s|φ i | 2β dvol g ≥ inf s φ i 2β 2β ≥ min{inf s, 0} is also bounded. Thus, with (D − λ)φ i → 0 we see that d|φ i | β is also bounded.
Next we fix α = n−2 n−1 and obtain
where we used the definition of µ as infimum of the spectrum of L = 4 n−1 n−2 ∆ + s. The third line is obtained from
Next, using
we have
The last two summands vanish in the limit since
For the other summand we use the Kato-type inequality of Lemma 2.1
which holds outside the zero set of ψ. Due to [5, (3.9) ] we have k = n−1 n . Thus, for n ≥ 5 we can estimate
For n ≥ 5 we have 1 ≥ is bounded. Together with (D − λ)φ i → 0 we obtain the following: For all ǫ > 0 there is an i 0 such that for all i ≥ i 0 we have
Hence, we have
With these Hijazi inequalities, we can now prove the conformal Hijazi inequality: Theorem 1.3. For Q < 0 the inequality is trivially satisfied. Thus, we restrict ourselves to the case Q ≥ 0: We may assume that g is itself a complete metric of finite volume satisfying the condition (i): 0 ∈ σ ess (D g ). Due to Lemma 3.6 there exists a sequence g i of complete metrics of unit volume with g i ≡ g near infinity and λ + 1 (g i ) → λ + min . We first consider the case that there is an infinite subsequence g ij such that λ + 1 (g ij ) is an eigenvalue of D gi j . Then we can apply Theorem 1.1 and equality (1) and obtain
Thus, for j → ∞ we obtain the conformal Hijazi inequality. Now we consider the remaining case -only finitely many λ + 1 (g i ) are eigenvalues. Thus, from Lemma 3.4 we know that then there is an infinite subsequence g ij such that λ + 1 (g ij ) ∈ σ ess (D gi j ). But if for two metrics g i and g k we have σ ess (D gi ) ∋ λ + 1 (g i ) ≥ λ + 1 (g k ) ∈ σ ess (D g k ), then λ + 1 (g i ) already equals λ + 1 (g k ) since g k ≡ g i near infinity and the essential spectrum only depends on the manifold at infinity. Hence, there has to exist a constant subsequence λ + min = λ + 1 (g ij ) ∈ σ ess (D gi j ) = σ ess (D g ). Lemma 3.3.iii then gives λ + min = 0 and, thus, 0 ∈ σ ess (D g ). This is a contradiction to the assumption.
So we assume now that 0 ∈ σ ess (D). Then condition (ii) has to be fulfilled and Theorem 1.2 implies µ ≤ 0 and, thus, Q ≤ 0.
Example 4.1. We consider the n-dimensional Riemannian manifold (M × R, g M + dt
2 ) where (M, g M ) is closed, spin and with positive scalar curvature. Due Example 3.2 M × R is conformally parabolic and the scalar curvature of g = 1 t 2 g is bounded from below. Hence, with Theorem 1.3 we know that at least for n ≥ 5 the conformal Hijazi inequality is valid Furthermore, for n = 3 and n = 4 if this inequality turns out to be wrong, λ + min has to vanish. Note, that Q(M × R, g M + dt
2 ) > 0 for M having positive scalar curvature [1, Prop. 5.7] .
